Introduction
Let X be a complex algebraic variety, assumed irreducible and of dimension n, and let Z be a closed subvariety. This paper studies the mixed Hodge structure on the intersection cohomology of the link of Z in X, derives a semipurity result, and deduces some topological consequences. The mixed Hodge structure is obtained using the theory of mixed Hodge modules developed by the second author.
Although the concept of 'link' of Z in X is intuitively obvious, its precise meaning is unclear. In this paper, we will define it as the nearby level set of a suitable nonnegative real valued distance function which vanishes exactly on Z.
If Z is compact, a reasonable concept of link results if the distance function is assumed to be real analytic. Another stronger, concept results if N is a neighborhood of Z in X and if there is a proper continuous retraction map r from DN to Z such that the closure of N is the total space of the mapping cylinder of r; the distance function is then the projection of the mapping cylinder to [0, ] . For most of this paper, however, we will use a third, weaker type of link and distance function which combines topological and homological properties. In fact, the homological notions of link alone are enough for most of our results. These homological notions are functors which can be canonically defined in the derived category and fit well with the theory of mixed Hodge modules which we 50 will be using. The material on the various definitions of link is in the beginning of Section 2.
Whichever definition is used, a link L is an oriented topological pseudomanifold of (real) dimension 2n -1 with odd-dimensional strata. In particular, its Goresky- [Ga] . The result of Gabber is equivalent to the local purity of the intersection complex by definition and self duality; it implies the purity of intersection cohomology by Deligne's stability theorem for pure complexes under direct images for proper morphisms [De2] . This local purity also follows from the existence of the weight filtration on mixed perverse sheaves, since intersection complexes are simple [BDD 4.3.1] .
For varieties over the complex numbers, Z a point and XBZ smooth, the above result for mixed Hodge structures on ordinary cohomology was deduced by several people [Stl, El] using the characteristic 0 decomposition theorem. Later Steenbrink and Navarro found a more elementary proof using Hodge theory [St2, Na] . We show that Theorem 4.1 follows naturally from the second author's theory of mixed Hodge modules combined with the theory of gluing tstructures from [BBD] . The [BBD] .
This material is summarized in the first section of this paper.
The category of mixed 1-adic sheaves on a variety in characteristic p: Lastly, this paper can be read in the setting of [BBD] [BBD Sect. 6] .
Throughout the paper references are given for each of these three settings. 1.3. Let X be a complex algebraic variety (a reduced separated scheme of finite type over C), assumed irreducible and of complex dimension n. A general reference for the following material is [BBD] . Let as objects of Dbc(X) as in [BBD] [BBD 1.3.6, 1.3.17(i) , 3.1.14].
Adjoint relations for f *, f* and f!, f !, the natural morphism f! ~ f* and the usual relations D2 = id, Df* =f!D and Df * = f!D.
The fact that the category MHM(pt) is the category of polarizable mixed Hodge structures (over Q).
Let QH ~ MHM(pt) be the mixed Hodge structure of weight 0 and rational structure rat(Q') = Q. In this language the cohomology of X has a mixed Hodge structure since we can write H(X) = H((aX)*(aX)*QH) Hc(X) = He«ax)!(ax)*QH) and so forth. These mixed Hodge structures coincide with those of Deligne [Del] at least if X is globally embeddable into a smooth variety (for example, if X is quasiprojective). We let note that where (n) denotes the Tate twist, which can be defined by 0 Q'(n).
As in the category of mixed complexes of 1-adic sheaves, there is a weight filtration in MHM(X) and the notions of 'weight k', etc., in D'MHM(X) such that [BBD 5.1.8, 5.1.14, 5.3 In the 1-adic case, the existence of the weight filtration is proved [BBD 5.3.5] after showing the purity of intersection complexes with twisted coefficients [BBD 5.3 Hi F is locally constant on each stratum of the stratification of X in 2.5, then in Db(Z) there is a natural functorial isomorphism Proof. Let r' be the restriction of r to N*. We have natural morphisms of '*F to i*j*F and r*k*F, and since r is proper it is easy to check that they are quasiisomorphisms. (i) . The dual of this triangle with DF replacing F is which shows the second isomorphism of (i) .
(ii) The dual of the first triangle in the proof of (i) [GM 5.2] . In general we have a canonical isomorphism (i.e. Hom(QHX, Hom(F, G)) ~ Hom(F, G) by duality) for F, G ~ DbMHM(X), and we can use it to obtain the morphism ICHX @ ICHX ~ DHX(-n).
If S is the family of supports in U defined by S = {C c U : C is closed in X}, then HkS(U, F ) = Hk(X, j!F ); see [Go] . If X is compact, then HkS(U, F) = Hkc(U, F). Proof. We use the notation of 3.4. By [BBD 1.4.23(ii)] where 03C4Z-1 is from [BBD 1.4.13] . Now ICX = j!*ICu, so the above together with the distinguished triangle of [BBD 1.4.13] The middle term above is IHkc(L). The left term has weight k, since ICH has weight n, which implies i*lcx has weight n. The right term is zero for k -n -d = -dim Z, since Hi(p03C4 &#x3E; -1 i*j*ICU) = 0 for i -d as a consequence of the support condition for a perverse sheaf. This follows immediately from 4.1 and 3.3.
Applications
In this section the results of the previous sections are applied to the topology of a complex variety. We use again the notation of 2.1. Let L be a weak topological link of Z in X. Let be the morphism from 3.2. The following theorem is concerned with the composite where the first morphism is the cup product from 3.4, and the second morphism is the obvious one. 
